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Subsingular vectors and conditionally invariant
(g-deformed) equations

-V K Dobrevi

Amold Sommerfeld Institute for Mathematical Physics, Technical University of Clausthal,
Leibnizstrasse 10, 38678 Clausthal-Zellerfeld, Germany

Received 9 August 1995

Abstract. We give a systematic discussion of the relation between subsingular vectors of Verma
modules over semisimple Lie algebras § and differential equations which are conditionally G-
invarjant. This is extended to_the Drinfeld—Jimbo g-deformation U, {(G} of G. We treat in
detail the conformal algebra su(2, 2), its complexification s{(4) and their ¢-deformations. The
conditionally invariant equations are the d’ Alembert equation and a new equation arising from
a subsingular vector proposed by Bemstein-Gel'fand—Gel’fand, We also give the g-difference
analogues of these equations.

1. Introduction

It is well known that the d’ Alembert equation
O fx) =0 ’ )

is Poincaré and even conformal invariant, see [1], for example. Here F(x) is a scalar field of
fixed conformal weight, x = (xo, x1, x2, x3) denotes the Minkowski space—time coordinates,
and [ is the d’Alembert operator O = 348, = (8)% — (8)%.

In this paper we would like to present representation-theoretic reinterpretations of this
fact. There are two aspects to this. First, from the point of view of induced representations
of the conformal algebra su(2, 2) one cannot automatically obtain representations which
are also irreducible finite-dimensional {e.g., scalar above) representations of the Lorentz
subalgebra. To ensure this one hag to impose additional conditions and to restrict oneself to
functions which obey these conditions. In the case at hand there are two such conditions and
it is on such functions that (1} is conformal invariant. That is why we shall call the conformal
invariance of (1) conditional. (Using approaches different from ours other conditionally
invariant equations were considered in [2-6], (for further comment see subsection 3.1).)

The second aspect is that we can find a counterpart of (1) in the representation theory
of Verma modules over the complexification si(4) of su(2, 2). Namely, this counterpart is
a subsingular vector of a Verma module (definition below).

In this paper we consider (1) and conditionally invariant equations in general applying
the approach of [7]. The required results from [7] stated in condensed form (given in some
detail in subsection 3.1) are: to every singuiar (subsinguiar) vector of a Verma module over
a semi-simple, and also reductive, Lie algebra ¢ there corresponds a differential operator
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7136 V K Dobrev

and equation invariant (conditionally invariant) with respect to G. (Both statements are
also valid for the corresponding Lie group with some additional subtleties, see [7].)

One of the specifics of the approach of [7] is that if one wants to consider (conditional)
invariance with respect to some real Lie algebra Gy one has also to know the invariance
with respect to the complexification G of Gy. The same is true in the g-deformed case.
That is why we treat sI(4) and the conformal algebra su(2, 2) in parallel, and analogously
U, (sI(4)) and U, (su(2, 2)).

We treat the ¢ = 1 case in detail since some of our results are also new in this classical
sitvation. In particular, we also give (1) with a non-txivial right-hand side and we present
a new conditionally invariant equation.

The paper is organized as follows. The notion of subsingular vector is explained in
subsection 2.1 for arbitrary {g-deformed) simple Lie algebras. Then we restrict ourselves
to s{(4) and U,(s!(4)) and we give the singular and subsingular vectors we shall need. In
parallel we give the explicit conditions for irreducibility of the lowest-weight moduiles. Here
the exposition is common for generic g. These results are applied respectively in sections 3
and 4 to obtain the conditicnally invariant equations for g = 1 (see equations (50),(57))
and for generic g (see equations (71),(73)) explicitly (given together with the equations
ensuring their invariance). ’

2. Subsingular vectors

2.1 LetG=G"@H&G™ be asemisimple Lie algebra, where 7 is a Cartan subalgebra of
G, Gt (G™) are the positive (negative) root vector spaces of the root system A = A(G, H),
corresponding to the decomposition A = A* U A~ into positive and negative roots.
Let Ag = {a; | i = 1,...,r = rank§G} be the system of simple roots of A. We
use the standard deformation U,(G) [8,9] given in terms of the Chevalley generators
XFf, HeH,i=1,...,rof G. (The explicit relations we give in appendix A for
G = si(4). For general G see [8,9], or in the same notation as here [10].) The elements
H; span the Cartan subalgebra 7 of G, while the elements X,.* generate the subalgebras
Uy (G%).

! A lowest-weight module (LWM) M4 over U4(G) is given by the lowest weight A € H*
(H* is the dual of H) and a lowest-weight vector vy so that Xvy = 0if X € G-,
Huy = A(H)yg if H € H. In particular, we use the Verma modules V4 over U, (sI(§))
which are the lowest-weight modules such that VA = U, (G+)v,.

Let us introduce the numbers
m=m(A)=(p—-AYH)=1-A(H)=1—-(A, ) i=1,...,r )
where p = %Z sear B (P(H) = (p, o) = 1) and (-, -} is the scalar product of the roots
normalized so that for the short roots & we have (¢, &) = 2, &¥ =20/ (e, @).

We note that these numbers completely determine the lowest weight A and will also be

used for the characterization of the LwM. The collection of these numbers will be called the
signature of A and denoted x(A) or just x:

x =x{A)=(my, ..., ). (3)
Analogously, we shall also use numbers corresponding to arbitrary positive roots
Mo = ma(B) = (p— A)(Ho) = (p — A, ) ae At “)

where H, € H corresponds to the root & by the isomorphism H = H*, (as H; corresponds
to «;). Certainly, each m, is a fixed linear combination of m;, however, these numbers
have independent importance as we shall see just below. Naturally, mg, = m;.
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In this paper we restrict ourselves to the case when the deformation parameter g is not
a non-trivial root of 1. (For the case where ¢ is a non-trivial root of 1 we refer the reader
to [10].) In this case a Verma module V4 is reducible [11] (g = 1), [10] iff at least one of
the numbers m,, is a positive integer:

my € N ' )

Whenever (5) is fulfilled there exists a singular vector v; = v®™ in VA such that
U € Cug, Xy = 0, YX € G7 and Hy, = (A + mue)(H) vy, ¥ H € H. The space
I = U, (G) v®™= is a proper submodule of V* isomorphic to the Verma module V A+
. with a shifted lowest weight A + mye [7,10]. Clearly, this implies that V4 and VA7
have the same values of the Casimir operators.

Remark 1.- Note that if we were considering hzghesz instead of lowest weights, the analogue
of the numbers my, (m,), would be defined as m = 1+ A(H), (mMY = (p+ A)(H,)); the
shifted weight is A — m2¥a. However, the statement about reducibility is unchanged [7].

It is important that one should be able to find explicit formulae for the singular vectors.
The singular vector introduced above is given by {7, 10]

Ve = P& = PR (Xil-, e, X;!-) Vo . (6)

where P%™= is a homogeneous polynomial in its variables of degress mn;, where n; € Z.
come from @ = ¥ #;04, o; is the system of simple roots. The polynomial P*™= is unique
up to a non-zero multiplicative constant. The papers [7, 10] contain all the explicit singular
vectors needed in this paper. Note that we refer to both, since [7] gives formulae forg = 1,
while [10] gives such formulae for general g. (More general explicit formulae for singular
vectors, including all singular vectors for Uy (si(#)), are contained in [12]. Note that the
modules considered in {10,12] are highest-weight modules and the singular vectors are
polynomials in X;; the translation of those formulae to the lowest-weight module setting
is straightforward in view of the above remark.} -

Certainly, equation (5) may be fulfilled for several positive roots (even for all of
them). Let A, denote the set of all positive roots for which (3) is fulfilled, and let us
denote: [4 = Ugea,I%. Clearly, I is a proper submodule of V2. Let us also denote
FA = yAsTA,

Furthermore, we shall also use the following notion. The singular vector v; is called a
descendent of the singular vector vy ¢ Cu, if there exists a homogeneous polynomial Py
in X; such that v; = Pz v2. Clearly, in this case we have: I' < I?, where I* is the
submodule generated by vy,

The Verma module V4 contains a unique proper maximal submodule I'* (2 74) 11, 13].
Among the lowest-weight modules with lowest weight A there is a unique irreducible one,
denoted by L, ie. Ly = VA/I4 (If V4 is irreducible then L, = V4.)

It may happen that the maximal submodule 4 coincides with the submodule I
generated by all singular vectors, This is the case, e.g., for all Verma modules if rank G < 2
or when (5) is fulfilled for all simple roots (and, as a consequence for all positive roots).
Here we are interested in the cases when /2 is a proper submodule of I*. We need the
following notion.

Definition. Let V» be a reducible Verma module. A vector v, € V4 is called a
subsingular vector if vy, & I'® and the following holds:

Xvgelt YXeG . ™)
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Remark 2. The image of a subsingular vector in the factor-module F# is a singular vector
of F&. For brevity we shall say the subsingular vector ‘becomes’ a singular vector in the
corresponding factor-module. From this it is also clear that a subsingular vector may be
represented by a homogeneous polynomial in X;.

‘We need to be more explicit even in the general case. First of all it is clear that it is
enough for a vector to be subsingular if (7) holds for the negative simple root vectors X; .
We can rewrite (7) in the following way:

X7 v = 3 Qua 00 ®

aE4;

where O, are homogeneous polynomials such that the RHS is a homogeneous polynomial,
and A; is a subset of A, C AT, such that & € A; iff Qy, is a non-zero polynomial. Let us
denote by Ag, the union of A; @ Ay = U‘,.'=,A‘. We shall call A, the set of roots associated
with the subsingular vector vg,. The corresponding set of singular vectors {v™™ | o € Ag}
will be called singular vectors associated with the subsingular vector vgy. Clearly Ay, is a
subset of A, and in general a proper subset. Let Ly = Ugea, J4(C I Ay, Fy = VA /I; then
v, becomes a singular vector in Fy,, i.e. when we factorize all singular vectors associated
with it.

Clearly, if two singular vectors v and v, belong to A, (A;, Ag,) and vy is a descendent
of vy, then we can omit v; from the set A, (A;, Ag).

Clearly, vy, and I generate a submodule I such that

In CI* ¢ I3 < 1t C vA, ©
2.2. We now restrict ourselves to ¢ = si(4). A synopsis on Uy(si(4)) is given in

appendix A. For the six positive roots of the root system of si(4) one has from (2),(4)
(see [7]):

my =1— A(H) (10a)
my=1— A(Hy) (106)
my=1— A(Hz) (10¢)
ma=2—A(Hp)=m +m (104)
myy =2 — A(Fln) = ma+ ms (10e)
miz =3 — A(Hg)Y=m; +ma+ms. (109

Thus the signature here is x = (my, ma, ms).
For further reference we give the value of the s/{4) second-order Casimir operator [14]
in terms of the above notation:

Cr = § (mb +mi + 10mi —m3)) = § (11)

which is normalized to take zero value on the trivial irrep (m; = 1) (and thus on all
representations partially equivalent to it).
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2.3. Here we treat the Bernstein—Gel’ fand—Gel'fand example of a subsingular vector which
appeared in the seminal paper [11] (g = 1) and which we give for general g (see appendix A
for the relevant U,(sI(4)) formulae). It occurs for A(H) = A(H) = 1, A(H) =0,
ie. x == (m,mz,ms3) = (0,1,0). Thus there are four positive m, € N from (10) :
Mz = w3 = Mgz = M3 = 1. Correspondingly, there are four singular vectors:

v = X5 v my =1 (12a)

vp=Xi X3 v =X{ n myz =1
vy =XT XFu=%XF v, mm=1 (12b)
va=X{ X7 XF w=X{ Xj v miz=1.

However, only the singular vector vs is relevant since the others are its descendents.
‘What is important for us is that there is the following subsingular vector:

vhgg = (X7 X7 XT — XSXTXT) v (13a)
It is easy to see that

— N +
X Upgg = Upy = X3 12

X g =0 (14)

Thus equation (7) is indeed fulfilled, whﬂe comparing with (8) we see that v, is indeed
associated with vygg.

It is useful for futvre applications to have a different expression for the subsingular
vectors. Equation (13a) is in the unordered Chevalley basis. An expression in the ordered
PBW basis is;

wge = (X +a X} Xh, + a7 XEXY) vo (13b)
which for g = 1 is exactly equal to (134) and for g # 1 differs from (13a) by the inessential
term (g — g~ )X} XTXTvo € I™. For g =1 a third expression coinciding with (134, &) is
Vpgg = (XEX;' +X;},XT) o g=1. (13¢)

Note that we have translated the result of [11] into our lowest-weight module setting
and that the actual expression for Vbgg in [11] (given naturally for ¢ = 1), is not correct,
(Also equatlons (124) are not given in [11].)

Let |2) denote the lowest-weight vector of the factor-module F, = VA/I,. Then the
singular vectors in (12) become null conditions, the relevant one (12a) giving

x} B =o0. (15)

Clearly, vpe; becomes a singular vector in Fy. If we also factor out vy, we have
the following null conditions in the resulting irreducible module L, with lowest-weight
vector |2):

x2=0 (16a)

(xixgxt - X;"Xfxff) 2)=0. (16b)
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2.4. In this and the remaining subsections of section 2 we consider the other archetypal
51(4) example [15, 16]. In this subsection we give some preliminaries. We take first an
arbitrary Verma module V# and the following vector:

Vp = P Vo - - (17)
where 7 is the following homogeneous polynomial in U, (GT):
P =X4X] —q ' X5X5,. (18)

Below we shall need the following technical result:
X7 vr=q"" ([AGHD) + U, X3 XT — [AGR),XTXS) X7 v
+g7' XF ((AGH) — 11, XT X5 — [A(HD)L XFXT) v (194)
=g ([A(H) + 1], X3 XT — [AFER), X5 XT) XT v

+¢7' X (—[A(H) = 11, X7 X5 + [AE)]XTXT) w (195)

where [x]; = (¢* —¢™*)/A A =g — g~ (see appendix A).
Also for future reference we note several equivalent forms of the polynomial 7 valid
for any weight:

=g (X,*ng;xg + XFxixxt -2, x5 xhxf X;) (20¢)
=g (X3XIXTXT 4+ X5 X7 XTXT - @XXTXTXS).  (20d)
and two forms valid if a = A(Hy) # 1:
~1
q
P=roq &K - X7X]) (o — Us X7 XS ~ (a] X7 X7)
q
1
+[a 1] X5 ([a — 1, X7 %5 — [a]qX;-X?-) b ey (21a)
4q
-1
q
=@ (X X5 — 21, X5 XF) (la—11,X5 X} - la) X5 XT)
1
7T X5 (la—1,X5 X5 — [a], X7 Xy) X (216)
q

The need for the introduction of the parameter & will become clear below.

2.5. Now consider a Verma module V4 with lowest weight A satisfying the conditions
A(Hz) =0 &= m3 = 1 (22a)
AT+ H)=l=mp=1. (228)
We shall denote its signature as
xi@) = x(A)=(a, 1—a.l), a=AH)eC (22¢)
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(see equations (10¢, €)). We would like io study this family of representations (and a
conjugate one) since for these the (g-) d’ Alembert operator will be a (conditionally) invariant
operator. This will become clear in sections 3 and 4 while here we find the necessary singular
and subsingular vectors.

From the above two conditions follow that there are two singular vectors which are
explicitly given by {7, 10]

vy = X7 vo my =1 (23a)
vz = ([“ - l]quX; - [a]ng'Xf') vo mia=1. (235)

(There is also a singular vector corresponding to myz = 2 [7, 10]. which, however, is a
descendent of v1.) '

In the above setting we shall show the special place of the vector vy (which will give
rise to the (g-) d’Alembert operator as we shall see in the next sec:tlons) We have the
following result.

If a # 1 the vector vy Is a linear combmatzon of descendents of the smgular vectors us
and vy, while if a’'= 1 the vector vr is a subsingular vector.

It is straightforward to demonstrate the validity of this statement. Let first 2 5 1. Then
using (21a)} we have
-1

q
[a —1],

v =Puy= (XFxT — [21,X3X7) vpo

1
+ [CI — I] X;.. ([ﬂ - I]QXTX;‘ - [a]qX;X?-) vz . (24)
q -

To show that for @ = 1 vy is a subsingular vector one may use a calculation valid for any
a (also using (19a)):

X]‘ Uf = 0
X;vp=q" ([a+1L,XI X} —[al, X7 X)) vs+q™! X v (25)
X; Uf = 0

though this calculation obscures the fact that for ¢ = 1 the singular vector v} is a descendent
one, as we shall see below, where we also show that vy is not an element of %,
We now write down all situations systematically.

2.5.1. Ifa ¢ Z there are no other nondescendent singular vectors besides (23) and the
maximal invariant submodule is 7% = J] = I U I*2. We denote by L) = VA/I] the
corresponding irreducible factor-module, and by [1'} the lowest-weight vector of L]. Then
the expressions in (23) become null conditions, namely we have

xfnh=o (26a)

(fa — 10,7 %5 - [a]qX;'X';') 11y =0. (266)
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2.5.2. If a € —N then in addition to (23) there is one more singular vector [7,10]
corresponding to my =1 ~a e N+ 1.

v = (%7)"™ v 27

and two descendents corresponding to my = 2 — @, mz = 2. Thus the maximal invariant
submodule is I* = [ = J®% U %2 U %, L] = VA/I} is the irreducible factor-module,
|17} is the lowest-weight vector of L. Then the null conditions are

XFn=0 i (28a)
(le — 11,%7 X - (@), X$ X5 ) 1) =0 (28b)
(x5 11y =o0. (28¢)

2.5.3. If a = 0 then there is 2 singular vector corresponding to mz = 1 and given by (27)
with ¢ = 0. Here equation (23b) is also a descendent and the maximal invariant submodule
is generated by the singular vectors (23a) and (27), I = I} = % U I*2. We denote by
LY = VA/I" the imeducible factor-module; (1) the lowest-weight vector of L?. Then
the null conditions are

XH 1" =0 (29a)

X3 1" =0. (29b)

2.5.4. If @ € N1 1 then there exists another singular vector [7, 10]
v = (X7)" vo (30

Thus the maximal invariant submodule is 74 = I[V = s y rme y &, LIV = ya v
is the irreducible factor-module, (17"} is the lowest-weight vector of L{¥. Then the null
conditions are )

xrYy=o0 (31a)
(ta - 1, %} %F - (@l X X7) 1) =0 (315)
(XY n'"y=o0. (31c)

2.5.5, Finally, if ¢ = 1 then the non-descendent singular vectors are vz = X;* vo, see (23a),
and ¥ = Xi"vg, see (30) with a = 1, while (235) is a descendent of (30), and there also
appears a singular vector vs,, see (12b), corresponding to mos = 1 which is a descendent
to (23a). Here we also have the subsingular vector vy, see (17), (25), from the latter the
essential one simplifying here 1o

Xy vr=q"" (2L, X7XF - XFXF) vs—q™' XF X v (32)

Now it remains from the above proof to show that vy cannot be represented as a linear

combination of descendents of vy and vs, and thus does not belong to [, which is also
easy to see by inspecting (20).
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We denote by I* = I U I the submodule generated by these singular vectors. by
Fi = VA/I? the factor-module, by (1) the lowest-weight vector of F;. We have the
following null conditions in Fy:

Xrh=0 ' (33q)

X+ 1) =o0. (335)
The vector vy becomes a singular vector in F; which we denote as

vy =P (1). : (34)

Factoring out the submodule built on v;, we obtain the the irreducible factor-module
Ly = VA/I{*. We denote by |1) the lowest-weight vector of L;. Then the null conditions
are |

X 1m=0 (35a)
Xf 1) =0 : (355)
(x7XF 121, XFX3) X{XF 1) =0 (35¢)
where for (35¢) we have used (35a) and (20d). An equivalent condition to (35¢) is
(xFxF -2, XEX3) X5xE 1) =0 (35¢)

where we have used (355) and (20¢).

Conditions (31} and (35) (conditions (35¢, ¢’) in a different, but equivalent form)
were given first in [17]). The corresponding irreps (for a € N) were shown [17] to be
a construction of the irreducible massless representations of a g-conformal algebra (with
lg| = 1) characterized by the helicity h = (@ —1)/2 ¢ lZ+.

2.6. Analogously consider a Verma module V* with lowest weight A satisfymg the
conditions

: AHD) =0 & m =1 (36a)
AH 4+ H) =1 <= mp=1 (365)
mnl@=xA)=(,1-a,a) a=AH)eC (36¢)

(see equations (10, 4)). This casg is conjugate to that considered in subsection 2.5 and
all statements and formulae may be obtained verbatim by exchanging indices 1 «— 3,
12 «— 23, Thus, we shall give for future reference only the final formulae analogous
to (31). Namely, the conditions fulfilled in the irreducible lowest-weight module L4 (with
acN+1)are

Xf[(3)=0 (37a)
(te - 1% x5 - [a]qX;'X._f) 3) =0 (378)
(x)" ;=0 (370)

Conditions (37) were given first in {17].
~Itis interesting to note that a lowest weight can satisfy both (22) and (36) which happens
only for the special case @ = 1, which was considered in the previous subsection.
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3. Conditionally invariant equations

3.7, We now write down explicitly the conditionally invariant equations rclated to the
subsingular vectors considered in the previous section. For simplicity we treat the case
g =1 first and the g-deformed analogues in the next section.

We use the approach of [7] which we give in a condensed form here. We work with
induced representations, called elementary representations {ERs). The functions of the ERs
can be taken to be complex-valued C* functions on the group &. The representation action
is given by the left regular action, which in infinitesimal form is

X)) = T plexp(~tX)p)heo (38)

where X € G, g € G, G is the Lie algebra of G. These functions possess the properties
of right covariance [7]. For our purposes it is enough to consider Aclomorphic elementary
representations for which right covariance means

Xo=AX) ¢ XeH (3%a)

Xe=0 Xe@ (395)
where A € H*, and X is the right action of the generators of the algebra G:

. d
(X)) = E‘P(EEXP(IX))L':D- (40)

Right covariance is also used to pass from functions on the group G to the so-called reduced
functions ¢ on the coset space G/B, where B = exp(H) exp(G™) is a Borel subgroup of
G. Note that G/B is a completion of G = exp(G¥) and in practical calculations one is
usually using the local coordinates of G*.

The weight A completely characterizes these representations, which we denote by C4,
each of which is then in correspondence with the lowest-weight representations with the
same lowest weight, in particular, with the Verma module V4.

Now the main ingredient of the procedure of [7] is that to every singular vector there
corresponds an intertwining differential operator. Namely, to the singular vector vy = v®"«
(see equation (6)) of the Verma module V# there corresponds an intertwining differential
operator

D¥me . b AP (41)
given explicitly by
Do — pam(gE K (42)
where P*" is the same polynomizal as in (6), and .52;" is the right action (40). This operator
gives rise to the G-invariant equation”
Du.m¢ ¢‘| — gai 45 e CA @.’ e CA‘-I-m“u ) (43)
In the same way a subsingular vector produces a differential operator and equation
which are conditionally invariant. The latter means that this invariance hold only on the

intersection of the kernels of all intertwining operators D%"= such that o and the singular
vectors v®™= are associated with the singular vector in question, i.e. on the space

Cou=1{peCHD"™ =0, ¥ae ) (44)

(see subsection 2.1.). A conditionally invariant equation has non-trivial RHS if we take the
situation corresponding to the reducible factor-module F4 = VA/T4; the latter is realized
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when we do not impose in F4 the null condition corresponding to the subsingular vector
which in F% is a singular vector. A conditionally invariant equation has trivial RHS if
we take the situation corresponding to the irreducible factor-module Ly = VA/I4, ie. if
we impose in F# the null condition corresponding to the subsingular vector. Below we
consider both situations, for which we are prepared by the detailed analysis of section 2.

Remark 3. Note that one may exchange the left and right actions in the above
considerations, .. consider the representations acting as right regular representations with
properties of left covariance. Independently, if one uses highest-weight representations (see
remark 1) one then uses the coset G/B’, where B’ = exp(H) exp(G™) is the Borel subgroup
of G conjugate to B.

Remark 4. As we noted if one wants to treat the case of a real non-compact algebra Gy
one also has to use the results for its complexification ¢. The application of these results
to Go has some subtleties [7]. However, in the case at hand when Gy = su(2,2) and
G = 5i(4) the passage to su(2, 2) is straightforward [18]. Also considering representations
of the corresponding groups (which are used here only to provide the representation spaces)
involves some subtleties [7], which, however. are not felt in the case under consideration
[18].

Referring further the general case to [7] here we restrict ourselves to G = si(4),
G = SL(4). We pass 1o functions on the flag manifold }V = SL(4}/8, where B is
the Borel subgroup of SL(4) consisting of all upper diagonal matrices. (Equally well one
may take the flag manifold SL{4)/B’, where B’ is the Borel subgroup of lower diagonal
matrices.) We denote the six local coordinates on Y by x4, v,v,2,Z. From the explicit
form of the singular vectors it is clear that we need only the right action of the three simple
root generators. Denoting this right action of X by Ry, from [7] we have

3
Ry = = —
! % 8z
Ry = 720, + 28, + 705 + 8_ ' (45)
3
Ry = 8 = —
3 H az
where
3 3 3
b= —— g, =— &= —. 46
=Ty ' B 37 . (46)

 Things are arranged so that in the conformal setting we can use the same coordinates
[18]. In this case the coordinates x., v, v are related to the Minkowski space-time
coordinates xo, Xq, X2, x3:

Xy =XxpEXs . U=X| — ix2 v=2x1 +1ixs {47)

while z, Z encode the inducing Lorentz representation as explained below. In particular, one
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may use the following covariant representation for R [18] employing the Pauli matrices o,

Ry=(% 1) 08" (:)

(1 0 0 1) ,
%= \o 1) al_(l 0 49
(0 —i) (1 0)
g = gy = .
P 0 0 —I

Note also that under the natural conjugation

wlxy) = xy w@)=1 w(z)=12 o (49)

Y is also a flag manifold of the conformal group SU(2, 2).

The reduced function spaces of the ERs in which our equations are defined are complex-
valued C* functions on the flag manifold. The holomorphic ERs of 5I(4) are labelled by the
signature x = (my, mg, m3). We give the explicit expressions of the representation action
for U, (sI(4)) in appendix B, from which those for sI{4) may be obtained by setting ¢ = 1.

In the su(2,2) case most applications in physics are in the case when my,ms ¢ N
and one uses reduced functions which are polynomials in the variables z,Z of degrees
mp—1, m3— 1, respectively. These then carry finite-dimensional irreducible representations
of the Lorentz algebra of dimension mms. Let us stress that this is an indexless notation
on which all Lorentz components of the fields are gathered together by the polynomial
dependence in z, Z. To restore the components one has to take the eatries of the independent
terms in z, Z, see [18]. Note that in the physics literature, instead of (m,, m3,m3), the
labelling [d, fi, j2] is often used, where 4 = 2 — {m3 + m3)/2 is the conformal weight,
Ji = (my — 1)/2, j» = (m3 — 1}/2, so that for finite-dimensional Lorentz irreps one has
Je € Zy /2. - :

3.2, We start with the equations arising from the BGG example of a subsingular vector.
Substituting (45) in (15) we obtain the following si(4)- and su(2, 2)-i{1variant equation:
Ro§= (228 +28,+ 285 +0.) =0 (502)
while the snbsingular vector vy gives rise to the following conditionally invariant equation:
(RiRaRy =~ ReRaR:) ¢ = (8,85 — 050, + (28— 28.) 84 ) § = ¢ (50b)

where ¢ € C* and satisfies (30a), 3’ € C*, A’ = A — 3, the corresponding signatures
being x = (0, 1,0), x’ = (—1, 1, =1). (Note that the second Casimir operator has the same
value in the two representations: Ca(x) = C,(i") = —4, see equation (11).) If we consider
the frreducible factor-module L., which means that we should use (16) instead of (13),
instead of (50b) we have

(auaz — 850, + (20; —29;) a+) $=0. (50¢)

3.3, We now turn to equations arising from the other archetypal s!(4) example. We consider
the case when the lowest weight satisfies conditions {22),
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We shall substitute the operators R, in the null conditions (26), (28), (29),(31), (39),

(35). In all cases arising from the singular vector vs = X;"uo, {null conditions
(264), (28a), (29a), (31a), (33a),{35a)) we have the equation
Ry =20 9=0 51)

which means that our functions do not depend on the variable z-—this is valid for the
signature x;(a) and arbitrary a. (In the conjugate situation with signature ys (@) our functions
do not depend on the variable z.)

Furthermore, we have the equations arising from the smgular vector vz, when a € Z_
(null conditions (28¢}, (295)):

(R ¢=0 ac?_. (52
Next, we have the eguations arising from the singular vector v;, when a € N (null
conditions (31¢), (336), (35B)):
(34 ¢=0. aeN - (33)
which means that our functions are polynomials in the variable z of degree « -- 1. Thus for
a = 1 our functions also do not depend on z.

Next we write down the equation arising from the singular vector vi; (null conditions
(268), (285), (31H)):

((a — )RRy — aRzR;) o= ((a ~ 1)(3, +704) — Rzaz) $=0. (58

It is also valid in all cases: however, for a = 0 it follows from (52) and for a = 1 it follows

_from (53). Now, since (54} is a first degree polynomial in Z, on which our functions do not
depend, it actually consists of two equat:ons though not invariant by themselves, i.e. we
have

((a —1—28,)8, — a_az) 3=0 — (550)

((a —1—28,)3, — 89, ) $=0. a (55b)

Finally, we obtain the conditionally invariant equauons corresponding to the subsingular
vector vy. Let us denote by P the polynomial ’P with X replaced by R,. Now we shall
obtain this operator in explicit form:

= (R3R; — 2R, R5) R Ry ¢ . (56a)
= (204 +8; — Ra8;) 3; Ra @ (56b)
=((28+ +8) & Ro— Rp 0, (284 +93)) ¢ (56¢)
= (05 8, —8-84) p=0¢ (564)

where we used (51) in passing from (565) to (56¢). Thus, we have recovered the d’ Alembert
operator. Note that (56) is valid for arbitrary ¢ since we have used only condition (31)
which is valid for all of our representations.

Now if for ¢ == 1 we take only invariant equations arising from the conditions (33) (i.e.
we work with the counterpart of the factor-module 5), we have the following system of
differential equationS'

3 ¢=0 i , , (57a)
8 §=0 (57b)
O¢=¢ ' | (57¢)
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where $ € C* and satisfies (57q, b), ¢’ € CV, A’ = A — g3 — o, the corresponding
signatures being ¥ = (1,0,1), x" = (1, -2, 1). (Note that the second Casimir operator
has the same value in the two representations: Ca(x) = Co(x") = —3, see (11).) If we
consider the irreducible factor-module L;, which means that we should use (33) instead of
(33), instead of (57¢) we have

O@=0 (57d)
where @ is as in (57¢) and again satisfies (574, ).

Thus, from the subsingular vector vy we have obtained the d’Alembert eguations (57¢,
d) as conditionally sl{4} and su(2,2) invariant equations.

Now we turn to the cases when a # 1. In these cases the vector v is a linear
combination of the singular vectors v; and vy and it becomes zero when these singular
vectors are factorized. Since vy gives rise to the d” Alembert operators for all g we expect that
the d’Alembert equation (57d) will hold automatically if the invariant equations (51), (54)
(arising from wv;, v12) hold. This is indeed so. We use the two equations (55) which are
the two companents of (54). First we take 3; derivative from (55a) and 8- derivative from
(55b) and subtracting the two we get

(a—1—28;)(8_04 — 050y) §=(a—1—2zd) 0@ =0. (58a)

This still follows from (57d). Analogously, taking 9, derivative from (55a) and 8, derivative
from (55b) and subtracting the two we get :

az(a_a+ - aﬁav) ¢=80¢=0. (58b)
This also follows from (57d). Now, clearly from (584, b) it follows that:
@—-1)0¢=0 {58¢)

which implies the d’ Alembert equation if g 3 1.
Using the conjugate situation with signature x3(a) we recover the d’ Alembert equation
on functions which do not depend on z and satisfy

(@-DRsR—aRsR) = ((e = Ds+204) — Red;) §=0  (59)
instead of (54). Furthermore the analogues of (554, b), (51), (53), respectively, are

((a —1-7%3;)8 — a,a;_) $=0 (60c)
((a —1-23)0, = 3,3:) §=0 (605)
3, ¢=0 o (60c)
¥ =0 aeN. (60d)

Thus if ¢ € N, then the functions of the irreducible representations are polynomials in z of
degree a — 1. ‘

If a € Z_ our functions satisfy (52) as those with signature x;(a).

Finally the d’Alembert equation (57d) follows from equations (60, £) (a % 1), We do
not need to consider a = 1 since the two signatures coincide.

We now summarize the results of this subsection. The first result is that the d’Alembert
equation (1) (equation (574)) holds in the representation spaces with signatures x;(g) =
{@, 1—a, 1) (;a(a) = (1, 1—a, a)) if our functions do not depend on the variable Z (z) and in
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addition satisfy equations (574, &) (equations (60a, b)). For a = 1 the d’ Alembert equations
(57¢, d) are conditionally 5i{(4) and su(2,2) invariant, while for ¢ # 1 the d’Alembert
equation (574d) just follows from equations (57q, &) (equations (60q, b)). If a € N then our
functions are polynomials in z (Z), of degree a — 1.

In the su(2,2) setting we again recall that the variables z,Z are representing the
spin dependence coming from the Lorentz representation [18-20]. The above result is
then restated thus in the case a ¢ N: the d’Alembert equation holds if the fields carry
holemorphic {depending only on z) or antiholomorphic (depending only on Z) infinite-
dimensional representations of the Lorentz algebra; in addition they satisfy (57a, b) and
(60a, b}, respectively. In the case ¢ € N we restrict ourselves to Lorentz representatmns
which are finite-dimensional; in fact, of dimension a.

The case @ = 1 is remarkable in one more respect, namely, in this case one may
have a non-trivial RHS, see (57¢). It is easy to check that there are no other cases with
non-trivial RHS. In fact, for a £ 1 (574 follows from (57a, b), or (60a, £). This can
also be shown independently. Indeed, in the first case the candidate signatures would be:
x@) = (@, 1—a,l), xj(a) = (g, —1 —a,1}). We know that a necessary condition to
have an invariant equation is that the two representations would have the same Casimir
operators, in particular, one should have C>(x1(a}) — Cao(x;(a)) = 0, where C; is given
in (11). Calculating this difference we obtain

Ca(x1(@)) — CalX} (@)} = 2(a — 1) (61)

which is not zero unless a = 1.

The cases @ > 1 are interesting in other contexts, especially, if we consider together the
representations with the conjugated signatures y;(@) and x3(a) with the same a € N+ 1.
In particular, in the case a = 2 the two conjugated fields are two-component spinors and
(54), (59) are the two conjugated Wey! equations,

) The cases @ = 3 are maybe the most interesting. The Lorentz dimension is 6 (= 24) and
the resuiting field is the Maxwell field. As was shown in detail in [19] equations (54), (59)
are just a rewriting of the free Maxwell equations

3*F,, =0  9**F,, = 0. (62)

Remark 5. The general Maxwell equations with non-zero current were considered in [19],
ie.

*Fup = Ty B *Fu =0 (63)

which are then equivalent to a modification of (54),(59) with non-zero right-hand sides
which are given explicitly in equations (5a, &) of [19]. More than that, in [19] is discussed
an hierarchy of Maxwell equations involving two conjugated families of representations:
Xt=m+3, —n=2,n+1), xy ={n+1, —n—2,n43), n € Z,, from which the Maxwell
case is obtained for # = 0. Note that there is no other intersection of this Maxwell hierarchy
with the two families x;{e) and x3(a) (see equations {22c). (36¢)) which we consider in

this paper.

We may write out many other equations with indices, however, one of the main points
here is that in this form equations (57) and (60) are valid different representation spaces,
the different representations manifesting themselves only through the parameter 4.
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Remark 6. (1) It is interesting to note that there are other conditionally invariant equations
involving the d’ Alembert operator, from which (57¢) is a partial case (m = 1), namely

0" g = ¢ melN (64)
where ¢ € C, ¢’ € CN, A’ = A — m (a3 + ), the comesponding signatures being
% = (m,0,m), ¥ = (m, ~2m, m). These are produced by subsingular vectors of weights
m (013 + o2) [16]. The functions @, ¢ carry irreducible Lorentz representations which are
symmetric traceless tensors of rank m — 1. (For early examples, namely, (64) with m = 2,
obtained from other considerations, see [3-5].)

(ii) We should note that there are conditionally invariant equations involving the
d’ Alembert operator, which do not arise from subsingular vectors but from reduction of
integral intertwining operators. These equations are also given by (64), however, the
corresponding signatwres are ¥ = (m,n,m), ¥’ = (m,n —2m,m), m,n € N, see [6],
for example. .

(itiy We should note that in (most of) the physical applications equation (64) is
not considered conditionally invariant. The reason is that only representations induced
from finite-dimensional Lorentz representations are considered there, The fact that these
representations are also subspaces of reducible representations is ignored and thus the
restriction to these subspaces is not considered to be a condition (see [2-6]).

4, Conditionally invariant g-difference equations

4.1. We now give the treatment of the conditionally invariant equations in the g-
deformed case. First we need to introduce our reduced representation spaces C* with
signatures x = x(A) = (mj,ma,ms), cf [21,19]. The elements of C*, which we
shall call (abusing the notion) functions, are formal power series in the non-commuting
variables z, v, x_, x4, ¥, Z, which generate the g-deformation )/, of the flag manifold Y
(the commutation relations of these variables using the same notation are given in [19]).
More explicitly, these reduced functions are given by
(3(}") = Z Hijitmn @Ejkfmn
ijktmneZ, (65)

A P j ok L o=m o=
Pijrtmn =2 v X_ 2L 07 T8

where ¥ denotes the set of the six variables.
Next we introduce the following operators acting on our functions:

M, ) = Z l:ijkZmn M, Pjkemn (66a)
i jde Lmn€Te
T, ¢(¥) = Z tijremn Te Gaijkt.v;m (66b)
L]k b,

where « =z, %, v, 7, Z, and the explicit action on @;xe, i defined by

M, Gijptmn = Giat,jktmn (67a)
M, Gijemn = G jot.kemn - (67h)
M. Gipptmn = Gijat) tmn (67¢)

M. Gijremn = Pijke+1,mn (67d)
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M; @ijutmn = Pijktmln (67¢)
M; Pijuern = Pijkemn+1 (67f)
T, Gijktmn =" @ijkemn (68a)
Ty Gijkimn = fI} Gijkemn 7 (688
T_ Pijkemn = Qk Ptikemn - . (68¢)
Ty Gijpemn = q° Pijremn (684)
Ts Gijkemn = 4" @ijkemn : (68e)
Tz Gijrtran = 9" Dijktmn - : - (68
Now we define the g-difference operators by
De ¢(1) = % M (T -T7) 9 k=ztu0E (69)

Note that although M —1 is_not defined if the corresponding variable is of zefo degree, the

operator D, is well defined on such terms, and the result is zero (given by the action of
(T, — T71). Of course, for ¢ — 1 we have Dy — 8.

Using the above operators the representation (left) action was given in [21] for general
r and for # = 4 in [20]; for the reader’s convenience it is summarized in appendix B.

The g-difference analogues of the operators Ry, i.e. the right action of U,{s(4}) on our
functions, are also known from [21]. Adapting this to our notation we have

RI=D, T, (,T-T.T)" : (70a)

“RI= (q M, D, T2 T2+ D T 4+ 8, M; Dy (LT)" To+q7" M; Ds

_ M, 31, D_ D, Tﬁ) T; 15! ’ (708)

RE=D; T;. (70¢)

To obtain the (conditionally} invariant g-difference equations amounts now simply to
substituting X with R in the expressions of the (sub)singular vectors for general g.

4.2. Substituting equation (70} in (15) we obtaln the followmg U, (s1(4)) and Uy(su(2, 2))

invariant equation:
R §= (q M, Dy T2 T2 +D_ T+ 8, ¥ Dy (TTY " Ts+g~' M; Ds

A M, M DD ) T T ¢ =0, : (71a)
The subsingular vector vyge gives rise to the following conditionally invariant equation:
(R¢ R RS — RS RY R]) ¢

- [44 D, TR T - D, L T
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g D Ty T2 (Tz L+ LT —g T YA

+grA M, D_ Dy D, L T T

-i-ql(q M, D, TET2+D_ T

+ M, M; Dy (T,T) T +q~' Mz Dy

—a i, ¥, DDy T) Dy B T} BIT) T 6= (716)
where ¢, € C* and satisfies (71a), @ € CY, A’ = A — w3, the corresponding signatures
being as in (50). Clearly (71a, &) go into (50a, b) for ¢ = 1. If we consider the irreducible

factor-module LA, which means that we should use (16) instead of (15), then we have a
zero RHS in (718) as in (50¢).

4.3. Finally, we write down the g-difference analogues of the d’Alembert equation and of

the equations ensuring its U, (s/(4)) and U, (su(2, 2)) invariance and from which it follows
{except for a = 1). Substituting (70) in (35) we obtain

Rag=D; T ¢=0 (72a)

([a —1), R RS —[al, RS R‘f) &
= (rf [a— 1], (q D, T2 T2 + 3tz Dy (L, 72 T) T;

g (q M, D, TET 4+D_ T

-}—Mz Az f)+ (TuT_)_l T +q"] ME 'ﬁ{,
—A M, M; D_ D, T,;) ﬁz) T, (LTI ¢=0 (72b)
(R§ RS~ 121, RS RY) R{ RS ¢=0. (72¢)

As in the g = 1 case we use (72a) to split (72b) in two equations and to simplify (72¢).
Finally, we have

-~

;=0 (73a)

(@ e-1, DL - (@8 D, T2 T-+D) B,) L T =0

(735)
(¢4 la =11, Dy T, (BT T — (12, By (BT T+ By
~ A, DD, T) ﬁz) T, (LIT) $=0 73b")

{(ﬁ., Dy T2 T —q Do Dy T7AT, T

—g D_ B, (1,17 - T;‘Tz)} T T, T. T2 $=0. (73¢)



Subsingular vectors and conditionally invariant equations 7153

In addition, if @ € N we also have
-~ i@ -
(B: . @ImTe) ™) 9 =0. (73d)

In the scalar case @ = 1 the relevant equations are (734, ¢ d), in particular, using
(73¢) and adding a non-trivial RHS we obtam the conditionally U, (sl(4)) and U, (su(2, 2))
invariant g-d’ Alembert equation

{(B) 85 73 177 —q D D T3,

_gr BB, #1, D }(T TY 1T 12 $=¢  a=1. (T

Analogously one may write down explicitly the conjugate invariant equations.
- Clearly, for g = 1 (73¢, €) go into the d’Alembert equations (374, ¢), respectively.

Appendix A. Synopsis on U,(sl{4)}

The QUantum ajgebra U,(si(4)) is defined as the associative algebra over C with Chevalley
generators xt, H;, j=1,2.3, and with the relations [8,9]:

(B, H=0. [H, X&) =%apXf  [XF. X;1=8; (B, (Ala)

(XFVXE - 2LCXEXE+ XE(XE =0 (=32, @D, @3), (32) s
Xt K1 =0 -

where [x], = (q" —g* VWA, A=g—g7h (ap) = 2o, o)/ (0, @), f.k=1,2,3, is
the Cartan matrix of 51(4); . oz, oy are the simple roots; the non-zero products between
the simple roots are: (o, o) =2, j = 1,2, 3, (ory, 22) = (&2, 3) = —1. The non-simple
positive roots are : oz = o) + &z, Qa3 = 0 + &3, &3 = o -+ &tz + ova. The elements H;
span the Cartan subalgebra H, while the elements Xf‘ generate the subalgebras G=.

The Cartan—Weyl basis for the non-simple roots 1s given by [9, 10, 22]

X =2q7 (g Xy —aTVAXEXT) (R =(12), (23)  (A2a)
Xis = 2g7 (g X7 X5, — a7 X5 XT)

{A2b)
= :l:g:!:l/'l(q]/ZX:E X:i: _ —leX;EXi

Ailiothericommutanon relations for the generators follow from these definitions [22]
XZ=X )

(X3, X3)=-4"Xz, (X}, X31=X,, g 1<a<b<3
(A3d)

XD X5 = X (X5 . Xpl=—¢™Xs , 1<a<b<3
(A3b)

XEXy, =qXoX* XEXE =g 'x=xF 1<a<bg3
(A3c)

X5X5 =qXixE X5 X5 =g X5 X5 (A3d)
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X5, X351=0 (X5, X5]1=0

(X5, X5]= —gXH+x- (X5, ., Xh]= XFq2t+H)
(X5, X5)= X g XHrtH (X5, Xf)=—g iyt
X7, Xzl =AX5XG; [XE , X§]=-rg™PXTXT.

Appendix B. Representation action of U,(sl(4)) on the reduced functions

(Ade)
A3
(A3g)
(A3h)

The representation (left) action of U, (s1{4)) on the reduced functions ¢ of the representation
space C*, with signature x = x (A) = (m, mp, m3) (see equations (65)), is given as follows

[21,19] (k; = ™%, r; =m; —1):
Ay Gk) $(F) = g2 T, (LT)Y2 (@132 4(¥)

fy(k2) §(Y) = g7 T_ (L,T)Y? (BT $(F)
fryks) G(F) = g™ T, (T, T} 2 (T, T)™2 §(F)
(X 0CF) = (/D) g™ 1T, (T} (BT (VT 9™ T,) 4P
+g "7 M, D_ T, (T,75)'* (I_T4)™'2 §(F)
+g My Dy T, (LT (T_T5) 72 §(F)
Ay (X7) 6(X)y = q" My D, T2' (L) (LT ¢(F)
+(U/R) Mo (LT 2 (L)™'
(q“’ﬁTuT_T,-,(']}T,,)‘] -q’zz,_T,,(TuT_Ta)“‘) (1)
+q™" My My Dy (T, T-T) (L) ()
g7 My Dy T (LT (LT (1)
A (XH) ¢(¥) = —¢"7! My D, TV (T, 1) (LT 2 6(F)
g™V ity D TN (TR (TR ()
+(1/%) g7 By (LT (I (07T - T, 6(F)
#o(XD) (0 = ¢ D, 1) (L7072 (D)
+g* M_ D, T, (T_T5)' (T,T9)™2 &(¥)
+ g% M; Dy T, (LTo)Y? (T-T2) 772 (¥
#y(X5) $(F) = = D_ (LT (LT 6(F)
Ay(X3) $(F) = -8, Dy T, (L THV? (LT ()
—M- D5 T, (T ) (T,7)7 2 §(F)

—q Dy (Te )Y (T,72)"1 §(F).

(Bla)
{(B1b)
(Blc)

(B2a)

(B2b)

(BZo)

(B3a)
(B3b)

(B3c)
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